ABSTRACT Considering the system deformation, a procedure to predict the mesh behaviors for face-hobbed hypoid gear pair in car rear axle was proposed based on the tooth surface model and the finite element analysis (FEA) tooth contact model. The mathematical model of face-hobbed hypoid gear was derived based on the manufacturing process. The systematic model of the whole rear axle was developed in Masta, and the misalignments caused by system deformation of the hypoid gear pair was calculated. The impacts of the comprehensive misalignments and independent misalignments on mesh behaviors of hypoid gear were studied, respectively. Results show that the comprehensive misalignments under the rated load level have less influence on the contact characteristics. However, for the parametric studies of independent misalignment, the offset misalignment, and the gear axial misalignment have obvious influences on the contact pattern and transmission error. The peak-to-peak value for angular transmission error with the offset misalignment decreases significantly, when misalignment change from negative to positive. While that with the gear axial misalignment increases progressively. For shaft angle misalignment has an obvious impact on the location of the contact area and it causes a little increase of the peak-to-peak value for transmission error. Relatively, the pinion axial misalignment has diminutive impacts on the contact pattern and transmission error.
I. INTRODUCTION
Hypoid gear has a broad application in rear axles for automobiles due to its high strength, enough offset, relative high transmission ratio, etc. However, with the increasing requirements for low noise and vibration, the effective design to control the contact pattern and transmission error for this type of gearing is highly demanded [1] . The actual tooth contact is affected by the misalignments or assembly errors obviously and unavoidably. So the precise misalignments calculation becomes much more important to investigate the mesh behaviors for hypoid gear. However, the sensitivity analysis for the face-hobbed hypoid gear with uniform-depth teeth is rarely investigated due to the complicated spatial geometry
The associate editor coordinating the review of this manuscript and approving it for publication was Shunfeng Cheng. and systematic deformations of the rear axle. Therefore, investigating the impacts of the misalignments caused by the system deformation on mesh characteristics of hypoid gear is becoming more and more important.
The hypoid gear can be divided into two types according to different manufacturing methods, one is the arcuate tapered hypoid gear using face-milled and the other is the cycloid uniform-depth hypoid gear using face-hobbed. Since the 1940s, Wildhaber [2] firstly proposed hypoid gear and introduced the basic geometry and design process of hypoid gear. Up to present, there's a lot of researches investigating the face-hobbed process. Litvin [3] proposed the model of hypoid gear manufactured by face-hobbed with tilt mechanism, but the cutter head was simplified. Fan [4] , [5] proposed a mathematic model of face-hobbed method, and TCA (Tooth Contact Analysis) were conducted based on the model. Fong [6] put forward the general model of hypoid gear manufactured by two methods with a simplified cutter head. Shih [7] - [10] improved the general model based on CNC machine with the motions expressed by the Taylor expansion and the experiments were conducted to validate the model and manufacturing process. Simon [11] - [14] did a lot of works on spiral bevel gears and hypoid gears. He investigated the impacts of tooth modification on the contact area and transmission error for spiral bevel gear pair. And he also investigated the optimal tooth modification and machine tool settings for face-hobbed hypoid gear manufactured on CNC hypoid generator. Vimercati [15] , [16] investigated the mathematic model, tooth surface modeling, TCA and LTCA (Loaded Tooth Contact Analysis) of the face-hobbed spiral bevel gear.
For mesh characteristics analysis of hypoid gear, Litvin [17] - [21] proposed the local synthesis method to find the contact point and developed the TCA equations to eliminate the calculating error. Also the contact and root stress of a gear pair were investigated based on the loaded tooth contact analysis. Fan [22] also proposed an improved TCA model to promote solving precision and stability. Bible [23] analyzed the transmission error characteristics for Gleason spiral bevel gear based on LTCA. Liu [24] investigated the influence of work holding equipment errors on contact characteristics of face-hobbed hypoid gear, and proposed the method of separating long wave and short wave of transmission error. So far, the TCA of hypoid gear is quite impeccable. But TCA method can't consider the elastic deformation of the gear pair, so that it can be only used to conduct the geometry design. Thus, the LTCA is an effective way to reflect the real meshing condition. Nevertheless, the LTCA of cycloid uniform-depth hypoid gear is not very developed due to the difficulties of modeling for complex geometry. In the real operation, the hypoid gear will have many misalignments caused by the assembly error and the system deformation. So that for the hypoid gear in car rear axle, a general analysis procedure which considers the influence of the misalignment under the actual load on the meshing performance is demanded.
In this paper, the mathematic model of the face-hobbed hypoid gear was derived. Moreover, the solid model of facehobbed hypoid gear was established. The systematic model of car rear axle was also established. The procedure to predict the mesh behaviors for face-hobbed hypoid gear considering the misalignments, which are caused by system deformation, was proposed. Then the impacts of the misalignments on mesh behaviors were investigated.
II. THE ANALYSIS MODEL OF FACE-HOBBED HYPOID GEAR CONSIDERING LOADING AND MISALIGNMENTS

A. THE MATHEMATIC MODEL OF FACE-HOBBED HYPOID GEAR
Uniform-depth hypoid gear is a cycloid tooth gear which manufactured by continuous indexing face-hobbed. The simplified inner and outer blade of the cutter of face-hobbed machine tool is depicted in Figure 1 . The cutter blade can be divided into two segments, the main cutting blade 1-2 and the arc section 3-4. Usually for a cutter blade, the length of transition section 2-3 is zero so that this section will be ignored here. R BH represents the radius of the main cutting blade and α H represents the tool angle. u is a point on the main cutting blade, its value is from zero to the maximal arc length of section 1-2. For the manufacturing processes of left and right hand gears, the only difference is the quadrant of parameters. Moreover, for the manufacturing processes of concave and convex of gear, the difference is the value of the parameters. Thus, this paper takes the manufacturing process of the convex of left hand gear as an example. The vector of the inner cutter blade is listed in (1) . The LH and RH represent the left hand and right hand, respectively.
The geometry and the relative position between the blade and the cutter head are depicted in Figure 2 . γ A and ε denote the rake angle and regrind angle of the cutter, respectively. δ A is the cutter direction angle on the cutterhead. β 1 is the initial setting angle of cutterhead and β is the rotation angle of cutter head. R Ac and R Av are the radiuses of the reference points of the inner blade and the outer blade to the spindle of cutter head, respectively. Generally, those two parameters are equal to the nominal radius of cutter head. R fc and R fv are the radiuses of reference points for the inner and outer blades, respectively. The mathematic expression for the blades and the transformation matrixes of the relative position can be VOLUME 7, 2019 described as (2) (3) (4) (5) (6) .
The machine coordinate systems for the left hand hypoid gear are depicted in Figure 3 . i and j represent the tilt and swivel angles, respectively. S R is the radial distance between the cutterhead and the machine tool. q is the initial setting angle of the cradle. φ c1 and φ c2 are the first and second cradle angle, respectively. E, B, γ , and A denote the offset, the sliding base, the machine root angle and the horizontal, respectively. φ 1 represents the gear rotation angle. The transformation matrixes of left hand hypoid gear are described in (9) (10) (11) (12) . 
For the gear, the manufacture method is forming, so that the tooth surface is the space trajectory of cutter blade. The value of φ c1 and φ c2 are both zero, and the value of φ 1 can be expressed as
where z 0 denotes the number of cutter group which is decided by the type of cutter head, z is the number of teeth. Thus, the mathematic tooth surface can be described by For the pinion, the manufacture method is generating, so that the tooth surface is the envelope of the space trajectory of cutter blade. The value of the first and second cradle angles are as follow
where z 0 is the number of cutter group decided by the cutter head, z is the number of teeth, i gp denotes the ration of roll. The mesh equation can be expressed as follow
where n p denotes the normal vector of the cutter blade in the coordinate system fixed to the gear blank, v p is the relative velocity of cutter blade and the gear in coordinate system fixed to the gear blank. Thus, the mathematic model of the pinion's tooth surface can be described by
The basic geometry parameters and machine tool settings of the face-hobbed hypoid gear are illustrated in Table 1 . According to the mathematic model derived above, the point sets of tooth surface can be obtained by programing in Matlab, and the precise solid model of the hypoid gear can be established with the point set in Creo. The precise solid model of hypoid gear is illustrated in Figure 4 . 
B. MISALIGNMENTS CALCULATION
The possible sources of the misalignments are illustrated in Figure 5 . For the actual operating, the gear pair will have misalignments due to assembly errors and the system elastic deformations. If the misalignments are too large, the mesh behavior will be quite worse so that it is quite important to investigate the impacts of the misalignments on the mesh behaviors. The assembly errors and system deformations will both cause the gear having misalignments in four directions. The assembly errors are only affected by assembly accuracy. However, for the system deformation, there are many influence factors like shell stiffness, bearing stiffness and bearing location. For the misalignments calculation, the most difficult part is that caused by system deformation, since there are many influence factors. On the other hand, the assembly errors can be measured directly and set manually. In this sub-model, we presume the assembly accuracy high enough, so that the assembly error can be ignored. Therefore, the comprehensive misalignments in this part are results that only caused by system deformation.
The definition of misalignments of the hypoid gear pair is shown in Figure 6 . Generally, the hypoid gear pair has four components of misalignments. They are offset misalignment E, shaft angle misalignment , the pinion axial misalignment XP and the gear axial misalignment XW . During the misalignments calculation, the reference point is the cross point of two gear's axes. The positive directions of all misalignments are defined as to increasing those parameters, respectively. The model of a car rear axle is depicted in Figure 7 . The model of the car rear axle is consisted by gearbox's shell, input shaft, hypoid gear pair, differential mechanism, output shafts, wheel hubs and bearings. The direction of power flow is input shaft-pinion-gear-differential mechanism-output shaft-wheel hub. The working conditions of the car rear axle are described in Table 2 . According to the working conditions and the rear axle model, the misalignments of the hypoid gear pair can be calculated based on the system deflection module in Masta. The misalignments of the hypoid gear calculated are listed in Table 3 . 
C. THE LTCA MODEL OF HYPOID GEAR
The LTCA model of the face-hobbed hypoid gear pair in Abaqus is established based on the mathematic model of face-hobbed hypoid gear and depicted in Figure 8 . For the modeling, the rotational shaft holes of the pinion and gear are coupled to rigid points, respectively. Thus, those two rigid points in FEA software can control the rotations of the gear pair. The material of the gear pair is 17CrNiMo6 with Young's modulus 209 GPa and Poisson's ratio 0.298. In this model, the boundary conditions are considered as three steps. The first step is called pre-contact, in this step the gear is stationary and the pinion will rotate by a little angle to make the concave of the pinion contact with the convex of the gear. The second step is called pre-load, in which a very small torque load was applied to the model to keep the contact between the engaged hypoid gear pair. The last step is called apply-load, it is the simulation of the real gear pair meshing process. The contact forces and the rotation data of the gear pair in this step can be used to analyze the mesh characteristics. Figure 9 depicts the flow chart of contact pattern calculation procedure in LTCA. In the LTCA model, the node arrangement rule and contact pressure of each node can be obtained. Then Matlab can be used to plot those data to gain the contact pattern results.
The drive gear was given a constant increment of rotation, and for each increment, the driven gear will have a particular rotation angle due to the contact force. The timevarying transmission errors are calculated by formula following according to the roll angle of the gear pair.
where 1 and 2 represent the rotation angle of the pinion and the gear during meshing, respectively. z 1 and z 2 represent the teeth number of the pinion and the gear, respectively.
D. THE ANALYSIS PROCEDURE
Based on the misalignments calculation and the LTCA model, the procedure to predict the mesh behaviors for face-hobbed hypoid gear considering the misalignments which are caused by system deformation is shown in Figure 10 and it can be stated as follows. Firstly, the mathematic model of facehobbed hypoid gear is established based on the manufacturing process; then, the misalignments calculation model is developed based on the whole rear axle; next, the FEA model is established based on the outputs of the above sub-model; finally, the mesh behavior analysis can be carried out based on the LTCA model. Based on the procedure, the impacts of misalignments on the mesh characteristics of the face-hobbed hypoid gear will be investigated subsequently. The comprehensive misalignments, which are caused by system deformation, includes four types of independent misalignments as shown in Figure 11 , and the results are quite similar so that the validity of modeling and calculation had been verified.
III. MESH ANALYSIS A. MESH CHARACTERISTICS CONSIDERING COMPREHENSIVE MISALIGNMENTS
The gear contact patterns and angular transmission errors considering comprehensive misalignments and different load levels are depicted in Figure 12 and Figure 13 , respectively. As the results show, the load has an obvious influence on the contact pattern, when the load increases double, the contact area increases about 9%. However, the comprehensive misalignments have little effects on the contact pattern and the contact area is almost the same compared to the standard assembly. However, the location of the contact pattern moves for about 0.5 mm toward the heel. There are two explanations for the phenomenon that the impacts of the comprehensive misalignments are not very large. The first is that the result is a comprehensive result of the four independent misalignments' impacts. If the design of the rear axle is defective, the misalignments caused by the system deformation will be too large so that the results of the comprehensive misalignments will have obvious change. Thus, the second explanation is that the design of the rear axle is eligible. For the angular transmission error, the comprehensive misalignments have a more distinct influence on the peak-to-peak value, and the value increases for about 10%.
B. EFFECTS OF OFFSET MISALIGNMENTS ON MESH CHARACTERISTICS
The gear contact patterns and transmission errors considering offset misalignments are illustrated in Figure 14 and Figure 15 , respectively. The results show that both the contact pattern and the transmission error change significantly. When the offset misalignment is negative, the contact area is less than the standard, and the contact area decreases about 1% with the misalignment increases 0.1mm. Compared to the standard, the location of contact pattern moves to the heel and the root of the gear surface with offset misalignment changing from zero to −0.2 mm, and the contact pattern position moves to the heel about 1mm when the negative offset misalignment changes per 0.1mm. While the offset misalignment is positive, the gear pair has a serious edge contact in the top. The location of the contact pattern moves to the toe about 2 mm when the positive offset misalignment changes per 0.1 mm. For the result of transmission errors, it becomes obviously worse with the negative offset misalignments and better with the positive offset misalignments. Whatever, the major axis of the contact ellipse is getting longer obviously, when the misalignment varies from negative to positive. Though the positive offset misalignment causes edge contact, the contact area is enlarged. For the transmission error, the major axis of the contact ellipse is getting longer so that the peak-to-peak value of the transmission error is decreased. The peak-to-peak value of angular transmission error varies for about 9% with offset misalignment changes per 0.1mm.
C. EFFECTS OF SHAFT ANGLE MISALIGNMENTS ON MESH CHARACTERISTICS
The gear contact patterns and transmission errors under different shaft angle misalignments are depicted in Figure 16 and Figure 17 , respectively. As the results show, the contact pattern changes significantly, but the transmission error has little variation. When the shaft angle misalignment is 79250 VOLUME 7, 2019 negative, the contact area is larger than the standard, and the contact area increases about 1% with the misalignment increasing 0.1 • . The location of contact pattern moves to the root of the gear with shaft angle misalignment changing from zero to −0.2 • , and the location of the contact pattern moves about 0.5 mm in the tooth depth direction when the shaft angle misalignment changes per 0.1 • . While the shaft angle misalignment is positive, the gear pair has a serious edge contact in the top. The contact area decreases faster than negative misalignment. However, the length of major axis of contact ellipse changes little. For the transmission error, whether the shaft angle misalignment is negative or positive, the time-varying value has little change but the peak-to-peak value increases. Compared to the standard situation, the peakto-peak value varies for about 8% with positive shaft angle misalignment changes per 0.1 • .
D. EFFECTS OF THE PINION AXIAL MISALIGNMENT ON MESH CHARACTERISTICS
The gear contact pattern and transmission error under the pinion axial misalignment are illustrated in Figure 18 and Figure 19 , respectively. From the figures, the results are similar to those with the shaft angle misalignment. When the pinion axial misalignment is negative, the contact area is larger than the standard, and the contact area increases about 0.2% with the misalignment increasing 0.1 mm. The location of contact pattern moves to the root of the gear with pinion axial misalignment changing from zero to −0.2 mm, and the location of the contact pattern moves about 0.3 mm in the tooth depth direction when the pinion axial misalignment changes per 0.1 • . While the pinion axial misalignment is positive, the gear pair has a serious edge contact in the top. The contact area decreases faster than negative misalignment. There is no significant change in the length of major axis of contact ellipse. Similar to the shaft angle misalignment, the pinion axial misalignment has little effect on the timevarying transmission error. The peak-to-peak value increases for about 4% with positive shaft angle misalignment changes per 0.1 mm.
E. EFFECTS OF GEAR AXIAL MISALIGNMENTS ON MESH CHARACTERISTICS
The gear contact pattern and transmission error under the gear axial misalignment are depicted in Figure 20 and Figure 21 , respectively. As the results show, both the contact pattern and the transmission error change significantly. When the gear axial misalignment is negative, the contact area is larger than the standard, and the contact area increases about 1% with the misalignment increasing 0.1 mm. Compared to the standard, the location of contact pattern moves to the toe of the gear surface with gear axial misalignment changing from zero to per 0.1 mm. When the gear axial misalignment changes from negative to positive, the major axis of the contact ellipse is getting shorter obviously. That means the contact area is decreasing. At the same time, if the positive misalignment is too large, the edge contact appears. Thus, the contact area decreases more when the misalignment is positive. For the angular transmission error, contrary to that with offset misalignment, it becomes obviously worse with the positive gear axial misalignments and better with the negative gear axial misalignments due to length of the major axis of the contact ellipse.
IV. CONCLUSION
(1) The mathematical model for face-hobbed hypoid gear tooth surface was derived and the systematic mesh model of car rear axle considering misalignments was developed. Considering the system deformation, a procedure to predict the mesh behaviors for face-hobbed hypoid gear pair in car rear axle was proposed based on the tooth surface model and the finite element mesh model.
(2) The comprehensive misalignments, which caused by the rear axle deformation, have a little influence on contact pattern and angular transmission error under the rated load level. It shows an eligible design was conducted for the rear axle with enough supporting stiffness.
(3) The offset and gear axial misalignments have obvious influences on the contact pattern and transmission error. As the misalignment changes from negative to positive, the major axis of contact ellipse is getting longer with offset misalignment and shorter with gear axial misalignment. Also, the peak-to-peak value for angular transmission error decreases significantly with offset misalignment and increases progressively with gear axial misalignment.
(4) For shaft angle misalignment has an obvious impact on the location of the contact area and it causes a little increase of the peak-to-peak value for transmission error. Relatively, the pinion axial misalignment has diminutive impacts on the contact pattern and transmission error. CAICHAO ZHU received the M.S. degree in mechanical engineering and the Ph.D. degree in mechanics from Chongqing University, Chongqing, China, in 1992 and 1998, respectively, where he is currently a Professor with the State Key Laboratory of Mechanical Transmissions. His research interests include the dynamics of gear systems, the tribology of mechanical transmissions, and the design of accurate transmission.
CHENGCHENG LIANG is currently pursuing the M.S. degree in mechanical design and theory with Chongqing University, from 2016 to now. His research interests include the precision gear transmission and design of the complex gear tooth surface for spatial gear transmission.
RUIHUA SUN is currently pursuing the B.S. degree in mechanical design, manufacturing, and automation with Chongqing University, from 2015 to now. His research interests include the precision gear transmission and design of the complex gear tooth surface for spatial gear transmission. VOLUME 7, 2019 
